Numerical Analysis of Stress Distribution in Concrete Around Corroding Rebar  by Pluciński, Piotr
 Procedia Engineering  108 ( 2015 )  598 – 607 
1877-7058 © 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of organizing committee of the 7th Scientific-Technical Conference Material Problems in Civil Engineering
doi: 10.1016/j.proeng.2015.06.185 
ScienceDirect
Available online at www.sciencedirect.com
7th Scientific-Technical Conference Material Problems in Civil Engineering (MATBUD’2015) 
Numerical analysis of stress distribution in concrete around 
corroding rebar 
Piotr Plucińskia,* 
aCracow University of Technology, Warszawska 24, 31-155 Kraków, Poland 
Abstract 
Corrosion product formation, in particular swelling, affects the stress distribution around the corroded rebar in reinforced 
structures. The area around the rebar is dominated by tensile stress, which is the cause of crack formation in the concrete cover. 
The paper presents mathematical and numerical models to describe the mechanical effects of corrosion product formation. Two 
types of corrosion uniform and pitting are considered and some examples are presented, which confirm the usability of the 
presented models. 
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1. Introduction 
Rebar corrosion in concrete structures is an electrochemical process due to which corrosion products are formed. 
The physical properties of the produced material change from the original steel properties to the properties 
characteristic for the final corrosion product. During the phase change, the volume of the corrosion products 
increases up to sixfold, Rosenberg et al. [1]. This increase causes severe tensile stresses in the concrete cover which 
eventually lead to cracks. 
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In this paper, a nonlinear mathematical model is formulated, which is derived in an Updated Lagrangian 
Formulation, Washizu [2], and describes the impact of corrosion product formation on the distribution of stress 
around corroded rebar. Next, a numerical model is proposed, based on this model, using the Finite Element 
Method. The algorithm of the numerical analysis has been implemented as a set of MATLAB routines and some 
examples have been solved. 
 
In reality, rebar corrosion propagates along the reinforcement rods as well as penetrates inside the rebar. The 
paper is limited to the analysis of the mechanical effects of rust expansion in the cross-section of reinforcing steel, 
which actually reduces the problem to a plain strain problem, Pluciński [3]. It is assumed that the final product of 
corrosion is red rust Fe(OH)3 with the properties of nearly incompressible elastic material, with Young’s modulus 
12 MPa and Poisson’s ratio 0.499, Molina et al. [9]. Two types of rebar corrosion are considered, namely the 
uniform and pitting corrosion. 
 
The author is aware of the simplifications introduced in the elaboration of the mathematical model of rebar 
corrosion. It is the cost that must be borne if a logical and compact solution procedure is to be presented. This 
procedure can be now extended to include the last achievements reported in current literature, e.g. Zhao et al. [4], 
Muthulingam et al. [5]. 
 
The paper is organized as follows: the process of the corrosion product volume increase is described in 
Section 2. Sections 3 and 4 discuss the mathematical and numerical models, respectively. The last part is devoted 
to the presentation of several simulation examples concerning uniform and pitting corrosion. 
2. Corrosion product formation 
First, the law of conservation of mass must be formulated for the case in which one component of medium is in 
two different states occurring simultaneously in the same volume of the medium, Coussy [6]. For the sake of 
simplicity, it could be assumed that the mass increase due to chemical reactions depends only on the ratio of molar 
masses of iron and hydrated rust, which leads to a relationship between the mass of rust rm  and the mass of steel 
consumed in the process of corrosion sm  (per length unit of rebar) as: rs 0.523= mm . The mass of rust rm  
depends on the hydrated red rust 3Fe(OH)  production rate at the anode and on the time elapsed since the corrosion 
initiation, Martín-Pérez [7]. Assuming a uniform expansion of the corrosion product around the rebar, the increase 
in the volume for each step V'  can be calculated as the difference between the quotients of the mass and density 
of rust and steel consumed by corrosion:
s
s
r
r= UU
mmV ' . The density values for steel and red rust are 
3
s 1085.7 u U kg/m3, 3r 1023.3 u U kg/m3, respectively, Barthelmy [8]. The second quotient of the above 
equation can be estimated as the volume of a ring of corrosion products around the rebar per length unit in the 
current incremental step. Eventually, the increase of volumetric strain vH'  is estimated as: 
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The above formula applies only to uniform corrosion, where const=r'  around the perimeter of the cross-
section of the rebar. If we assume a polar coordinate system with the point of origin at the centre of the rebar, we 
will obtain formally the same equation (1), but in that case )(Tr'  and )(Tr  are functions of the angle coordinate 
of the polar system. 
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3. Models of corrosion product formation 
3.1. Mathematical model 
The mathematical model is based on the updated Lagrangian formulation. All variables are referred to the 
current configuration X . The increment of the deformation gradient tensor is defined as follows: 
 
)(=* uIF X '' , (2) 
 
where uX'  is the gradient of displacement increment u' . 
 
Then the modified Green-Lagrange strain increment tensor has the form  
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Taking the rust into consideration, which is assumed to be incompressible, the increment of the deformation 
gradient tensor is modified as follows: 
  )(= ** uIF X '' D , (4) 
 
where 3* =
J
4D ; 4  is an independent parameter to be calculated and Fdet=J . The ][1, J4  and for 1=4  
only pure shear deformation takes place, while the condition J=4  represents full-field deformation. During 
numerical calculation 4  is determined using reduced quadrature in the process of numerical integration. Using 
equation (4), the modified Green-Lagrange strain increment tensor is obtained as  
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where, besides the linear and nonlinear tensors, the additional tensor Eˆ*'  has appeared. 
 
In the incremental configuration Y  the stress tensor is expressed as the sum of total Cauchy stresses σ , referred 
to the known equilibrium state in the current configuration X , and stress increment σ'  referred to the incremental 
configuration Y : σσ ' . In the updated Lagrangian formulation the stresses are described by modified Piola-
Kirchhoff stress tensor σσ *' where σ*'  is the stress increment related to the current configuration X . The 
relation between these two tensors may be expressed as: T**** )()(
1= FσσFσσ ''''
J
. The constitutive 
description of corrosion is based on the concept of functionally-graded materials. The model of rebar corrosion is 
shown in Fig.1. 
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Fig. 1. Model of the reinforcing steel corrosion process ( sE  and rE  are Young’s moduli and sQ  and rQ  are Poisson’s ratios for steel and 
rust, respectively while sr  defines the current radius of rebar). 
The above figure presents areas occupied by uncorroded steel, corroding steel, rust - the final corrosion product 
and concrete. The material constants i.e. Young’s modulus, E and Poisson’s ratio Q for the corroding steel zone, are 
varying linearly from the value specific for steel to the value specific for rust, see Fig.2. 
 
 
Fig. 2. Change of material parameters for corroding reinforcing steel (subscripts and superscripts s – steel, r – rust). 
For the steel and concrete material the constitutive relation is defined by Hooke’s law, which is specific for the 
linear theory of elasticity  
 
mmm := EDσ , (6), 
 
where mD  is the tensor of material constants and m denotes concrete and steel, respectively. For the zone of 
corroding steel Hooke’s law should be supplemented by a component dependent on the total volumetric strain vH  
which is the sum of increments defined by (1):  
 
)(:= v
srsrsr IEDσ H  (7) 
 
These two forms of the constitutive equations can be written in the Voigt notation as: 
 
EDnEDσ ~=)(= vH , (8) 
 
where T121323332211 ][= VVVVVVσ  – stress vector; T121323332211 ]222[= EEEEEEE  – strain vector; 
T0]0011[1=n ; D  – constitutive matrix of linear elastic material. 
 
Matrix D  of a material for the active corroding zone varies in time, depending on the current values of Esr and 
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Qsr which is indicated by )~(ED . Next, the constitutive equation in the incremental form is written as follows:  
 
EEDEEDσ ~)~(~)~( ** ''#' , (9) 
 
where )~(ED'  is the increment of the constitutive matrix )~(ED . The problem is solved using the incremental 
approach therefore )(1)(=)~( NN DDED  , where N is the number of incremental step. Decomposing the strain 
vector E~  into deviatoric and volumetric parts and next assuming equality of volume change moduli for steel and 
rust between neighbouring incremental steps, the second part of (9) can be transformed in the form:  
 
σDEED G'' =~)~( , (10) 
where ΓσDσ =  is a deviatoric stress vector, ¸¸¹
·
¨¨©
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GG  expresses the relative change in the shear 
modulus in the process of phase transition and Γ  transforms the stress vector into the deviatoric stress vector. The 
strain increment vector E~*'  is calculated using (5). 
 
nEηεnEE v***v** ˆ==~ HH '''''''  (11) 
 
Using the above relations the finally developed formula for the stress increment vector has the form: 
   ΓσnEηεEDσ G'''''' v**** ˆ)~(= H  (12) 
3.2. Numerical model 
The numerical model is based on linearised incremental equation of virtual work using the finite element 
method in the displacement formulation in the form valid for each element:  
 
frqkk '' =)( L V  (13) 
 
where Lk  is the tangent stiffness matrix, Vk  is the initial stress matrix, r  is the vector of residuum and f'  is 
the load increment vector. 
 
The global incremental equilibrium equations are formed after the assembly of the above equations for finite 
elements and are solved using the standard Newton-Raphson method. 
 
During the calculations the proper value of the material variable should be identified at the numerical 
integration point according to Fig. 2. For this purpose, the so-called material parameter M  is proposed, see Fig. 3. 
 
 
Fig. 3. Material marker M : definition. 
M
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Figure 3 shows the dependence of parameter M on polar coordinate )(Tr  in the system located in the middle of 
the cross-section of the rebar. For steel material in the range between )(0, srr this parameter takes the following 
values: 10 ddM ; for corroding steel in the range ),( sfss drrr   the parameter is 2<<1 M ; for rust in the 
range ),( rss drrr   parameter 2=M  and, finally, for concrete 3=M ;the last of parameters is not shown in the 
figure. 
 
In the case of uniform corrosion the boundary line that describes the current geometry of the uncorroded part of 
rebar in the cross-section is easily determined because )(Tr'  has a constant value. However, in the case of pitting 
corrosion r'  varies depending on T . In this case one source of corrosion is represented by polar coordinate 
o=TT where the amplitude of pitting is rˆ'  and the width is ST describe pit influence. Three different geometries 
are assumed for this model, see Fig.4. 
 
 
Fig. 4. Three types of models of pitting corrosion. 
4. Examples 
The following material data have been adopted in the examples below: concrete C25/30 with Young’s modulus 
E =27.5 GPa, Poisson’s ratio Q =0.167 and tensile strength tf =1.2 MPa; steel A3(34GS) characterised by E =210 
GPa, Q =0.3 and rust – the final product of corrosion: E =12 MPa, Q =0.499. The basic units are: for the length – 
[mm], for forces – [N] and for stress [N/mm 2 ]. 
 
Four-noded isoparametric finite elements have been used in computations. The finite element meshes have been 
built using the ANSYS system. Gauss-Legendre quadrature 2x2 has been used in numerical integration. The 
physical properties of the material during the corrosion process at numerical integration points have been selected 
according to material markers so there is no need to update the finite-element mesh at each incremental step. 
 
All algorithms of the solution have been implemented in the MATLAB system, supported by the graphical 
package PLOTMTV. 
 
The stress is analysed in the environment of a single rebar – 16 mm in diameter, located in the subarea of beam 
cross-section with the dimensions and boundary conditions shown in Fig. 5a. 
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Fig. 5. Rebar in concrete configuration – geometric data (dimension in mm) (a), finite element mesh (b) and its enlargement (c). 
The finite element mesh consists of 5237 elements. The minimum dimension of FE is 22.2 mP , for elements 
which are located at the interface of concrete with rebar, where high density of elements is necessery, see Fig.5c. 
 
Two examples are considered. One for uniform corrosion and one for pitting corrosion. The values assumed in 
the analysis are as follows: the width of the transition zone equals sfd  = 0.1 mm; the initial decrease of the rebar 
radius: 0r'  =0.01 mm and its increment: ir' =0.1 mP . The presented stress contour maps are prepared in the 
polar coordinate system with the point of origin in the middle of the rebar cross-section. 
4.1. Uniform corrosion 
It can be deducted from the contour maps of the stresses that all the domain is in compression and that higher 
values of the radial stress are distributed along the vertical line passing through the centre of the cross-section of 
the reinforcing bar, whereas higher values of circumferential stress occur along the horizontal line. 
Fig. 6 shows the radial and circumferential stress contour maps. The computations consist of 141 incremental 
steps, which correspond to the total decrease of the rebar radius sr' =24.1 mP .  
 
 
Fig. 6. Concrete stress contour maps for the last incremental step: radial (a), circumferential (b). 
The principal stresses have been plotted for nodes from the circumference of the rebar, see Fig. 7. The stress 
distributions maxV  and minV  have been smoothed in elements using the Zienkiewicz-Zhu procedure, Zienkiewicz 
et al. [10], and the Bézier functions. 
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Fig. 7. Principal stresses along the perimeter of reinforcing bar: tensile (a), compressive (b). 
It can be concluded on the basis of diagrams in Fig. 7 that in the considered example the primary cracks appear 
at the bottom and on the right side of the cross-section of the rebar since this is where the concrete cover is the 
thinnest. These cracks will propagate in the direction perpendicular to the boundary of the cover and form a surface 
crack. 
4.2. Pitting corrosion 
Several cases of the angular coordinates for the source of pitting corrosion and the pitting width have been 
analyzed for beam cross-section shown in Fig. 5. The input data contain the width of the transition zone dsf=0.1 
mm and the initial uniform corrosion of rebar radius decrease r' =0.01 mm. The amplitude of pitting increase 
rˆ' = 0.02 μm has been assumed as the control parameter in the calculation. 
 
Fig. 8 shows the contour plots for the circumferential stresses along the boundary of the rebar, for width of 
pitting oS 45 T and oS 90 T , respectively, with o90o  T . The results of calculations of the principal stress 
distributions are shown in Fig. 9. 
 
 
Fig. 8. Pitting corrosion for oS 45 T (a) and oS 90 T  (b) – circumferential stress contour map TV  (enlargement). 
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Fig. 9. Pitting corrosion for oS 45 T  and oS 90 T  – principal tensile stress distribution along the circumference maxV . 
The calculations require 180 incremental steps for oS 45 T and 312 steps for oS 90 T in order to get pits with 
the total decrease rˆ' =13.60 mP , and rˆ' =16.24 mP , respectively. Such results of calculation indicate that 
pitting corrosion is more dangerous for structures than uniform corrosion. The larger the width of the corrosion 
zone, the bigger is the radius decrease. The tensile stresses are distributed over a larger area – the result can be 
compared with the result for uniform corrosion sr' =24.1 mP . 
 
The general conclusion arising from the examples is that the theoretical model and its finite element 
implementation correctly locate the points where the primary crack propagation is possible. The estimation of the 
location of a secondary crack is possible, although, data which could be found in literature differ in this respect, 
Molina et al. [9], Ohtsu et al. [11]. 
5. Conclusions 
The paper presents the mathematical and numerical model for the description of mechanical effects of rebar 
corrosion. The material arising in the process of formation of corrosion product can be treated in the proposed 
mathematical model as a material with graded properties between steel and rust. The mathematical model has been 
derived in an updated Lagrangian formulation and the numerical solution algorithm has been developed using the 
finite element method. The main target of the numerical calculation has been determination of the stress map and 
prediction of the points on the circumference of the cross section where the initiation of cracks in concrete is 
possible. 
 
During the process of corrosion the internal cracks directed from the rebar to the surface are invisible from 
outside, which makes it difficult to evaluate the safety of the structure. This kind of cracks are also dangerous 
because they accelerate the transport of harmful substances (e.g. chlorides) from the environment through the 
concrete cover, further accelerating the corrosion of reinforcement. 
 
The paper is limited to the analysis of the mechanical effects of the formation of rust and its swelling in the 
cross-section of a reinforcing bar, which reduces the real problem to the plain strain problem. Two types of 
corrosion of the reinforcement cross-section have been considered: the uniform and pitting corrosion. The 
mechanical description of the second type of corrosion is difficult, because there is no sufficient data in literature 
describing the geometry of rust formation. Therefore, some possible forms of pitting corrosion propagation are 
proposed in the paper, which nevertheless should be validated by experimental results. 
 
All examples have been computed in MATLAB using the original software developed by the author. 
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